
Stabilizing Predictive Control of 
Fuzzy Systems Described by  
Takagi-Sugeno Models  

Martin Herceg, Michal Kvasnica, Miroslav Fikar 

Abstract  
The paper concerns with synthesis of stabilizing controllers for processes described 
by fuzzy Takagi-Sugeno models.  Commonly in the fuzzy control it is difficult to de-
sign control strategies which guarantee that the closed-loop system will be asympto-
tically stable. Standard approaches which rely on co-stabilization of the whole collec-
tion of local models are usually overly conservative. Therefore we propose to 
transform the fuzzy description into a piecewise affine (PWA) model for which effi-
cient control strategies guaranteeing closed-loop stability exist. The PWA transfor-
mation procedure approximates the overlaps naturally present in fuzzy models by 
means of an unknown, but bounded additive uncertainty. Once such a PWA model 
is available, we propose to use a minimum-time strategy to design a stabilizing fe-
edback law. Moreover, we show that the controller takes a form of a look-up table, 
which can be evaluated in real-time. 

Key words Takagi-Sugeno models, Piecewise Affine models, Model Predictive 
Control 

Introduction  

The main aim of this paper is synthesis of stabilizing feed-
back laws for systems described by fuzzy models. It has 
been shown that fuzzy modelling can approximate any pro-
cess with prescribed accuracy and therefore it can be classi-
fied as an universal approximation [12]. Although the mode-
ling issues are not addressed in this paper some valuable 
references can be found for example in [5] or [1].  

Despite the attractiveness of fuzzy models, little is known 
about how to derive controllers guaranteeing closed-loop 
stability for such models. Traditional approaches solve a co-
stabilization problem by means of linear matrix inequalities 
[15], [22], [11]. These techniques are, however, overly con-
servative, since they assume that all possible local dynami-
cal models are all active at the same time. The problems 
gets more complicated if fulfillment of state and input con-
straints has to be guaranteed. Therefore the concept of 
Model Predictive Control (MPC) has been adopted to the 
class of fuzzy models. MPC is an optimization-based control 
policy widely adopted by the industry due to its ability to 
provide optimal performance together with constraint satis-
faction [17]. In the MPC framework, the prior knowledge of 
the process behavior, represented by the prediction model, 
is used to design a sequence of control inputs such that 
certain performance criterion is optimized.  Contrary to clas-
sical proportional-integral-derivative (PID) controllers, the 
decisions are done with respect to process properties and 
constraints. 

Depending on the model used, slightly different approaches 
were developed. Supposedly the first approach was made 
by impulse response models, pioneered by [7] and [18], 

denoted as Dynamic Matrix Control (DMC). Revolutionary 
contribution was brought by [6] where the step responses 
serve for predictions, often abbreviated as Generalized 
Predictive Control (GPC). The growing need for tighter con-
trolling demands motivated use of nonlinear models. This 
novel approach is nowadays referred as Nonlinear Model 
Predictive Control (NMPC) [2], [13]. Recently, many predic-
tive strategies which employ fuzzy models emerged and this 
class of control problems is referred to as Fuzzy Model 
Predictive Control (FMPC). 

An excellent comparative study [8] provides a deeper view 
into four recently developed predictive strategies for fuzzy 
systems. Each of the strategy uses the GPC approach but 
the control action is calculated differently. It is either a linear 
combination of all locally designed controllers or a global 
controller acting over a linear time-varying model (LTV).  A 
hierarchical structure of multiple Takagi-Sugeno models, 
proposed by [10] and [16], deploys also GPC approach 
while the controller is obtained by weighted aggregation 
over governing local rules. All of the aforementioned appro-
aches, however, one common property, namely they do not 
discuss issues regarding closed-loop stability in presence of 
constraints. 

In this paper we propose a different way of assuring stability 
and feasibility guarantees for closed-loop systems based on 
fuzzy Takagi-Sugeno (TS) models [21]. Motivated by the 
recent advances in the field of hybrid systems [3], we sug-
gest to over-approximate a given Takagi-Sugeno fuzzy 
model by a Piecewise Affine (PWA) model, for which effi-
cient control strategies ensuring closed-loop stability and 
infinite-time feasibility exist [19], [9]. Unlike TS fuzzy models, 
the PWA description requires that the regions, over which 
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individual dynamics are defined, to be non-overlapping. 
Therefore we propose to approximate the overlaps naturally 
present in TS models by means of an unknown, but boun-
ded additive uncertainty. The main contribution of the paper 
is represented by a constructive procedure to derive a PWA 
model from a Takagi-Sugeno fuzzy model. Once such a 
PWA model is derived, we then apply the minimum-time 
principle of [19] combined with a so-called parametric MPC 
framework [4] to obtain an MPC controller which guarantees 
closed-loop stability. Since the underlying mathematical 
model is an over-approximation of the original Takagi-
Sugeno model, if such a controller exists, it will guarantee 
stability of the original model as well. 

 
Fig. 1 Illustration of linear membership functions for 

three rules in the Takagi-Sugeno modelling ap-
proach. 

Takagi-Sugeno Fuzzy Model Representation  

The class of Takagi-Sugeno (TS) models can be generally 
described by fuzzy „IF ... THEN“ rules where the fuzzy sets 
stay on the antendecent side while the consequence is 
given by a linear dynamics.  Generally, the i th TS rule can 
be expressed as 
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where n
kx R∈  is the state vector, m
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vector of manipulated variables, ijµ  are input fuzzy sets for 

ri ,,1 K=  rules. nn
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iB ×∈ R  are matrices repre-
senting the system dynamics. The process dynamics is 
assumed to be discretized with k  denoting one sampling 
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max-product inference, i.e. 
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where the membership function ijµ  measures the activation 
of the fuzzy set j  in the rule i . Using the notation 
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the overall system model can be described as 
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A simple TS model is illustrated in Fig. 1 using three rules 
with linear fuzzy membership functions. It can be seen that 
each dynamics contributes to the overall model with its 
corresponding membership function and moreover, if the 
state belongs to a region where more than one dynamics 
become active, then the weighted contribution of overlap-
ping nodes is considered.  

 
Fig. 2 Intersections of fuzzy sets are replaced by new 

regions with crisp boundaries. 

The Transformation Procedure  

In this section the main result of the paper will be presented. 
Consider the TS model (1) with linear fuzzy membership 
functions. The fuzzy input sets ijµ  can be decomposed in 
the following manner:  

kikikik uBxAxPx +=∈ +1THENIF  (6) 

where the region iP  in which the corresponding rule is acti-
ve can be described by a polyhedral set 

}{: ikii KxHP ≤=  (7) 

The aim is to transform the TS model into a Piecewise Affi-
ne model of the following form: 
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with nn
iA ×∈ R , mn

iB ×∈ R , and n
if R∈ . Here, 

{ } nDn
iiD R∈=1  denotes a polyhedral partition satisfying 

i
Dn

i DD 1== U . The measured state is denoted by kx , mani-
pulated inputs correspond to ku , and kw  denotes an un-
known additive disturbance.  The system states kx , control 
inputs ku  as well as the disturbance kw  of the system (8) 
are subject to the constraints  

n
k

m
k

n
k WwUuXx RRR ⊆∈⊆∈⊆∈ ,,  (9) 

where X , U , and W  are polyhedral sets containing the 
origin in their respective interiors.  

To obtain the strictly separated regions iD , the overlaps in 
the membership functions of the TS model have to be re-
moved first. This can be done in a straightforward manner 
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by defining new regions for each intersection of the neighbo-
ring fuzzy sets, i.e. 

Piij njPPD ,,11 K=∩= +  (10) 

which is also a polyhedral set. If the set jD  is a subset of 
the next set (e.g. when more than 2 fuzzy sets intersect) 
then the statement  

01 =⇒⊂ + jjj DDD  (11) 

implies that the redundant sets will be removed. Fig. 2 de-
picts the decomposition of the fuzzy sets to a crisp sets by 
introducing additional regions 2D  and 4D , respectively. 
Because the regions iP  are represented by convex polyto-
pes as in (7), the overall calculation of intersections can be 
performed using standard algebraic manipulation techniqu-
es. 

 
Fig. 3 The transformation procedure shifts the reachab-

le sets to one common centre. 

The remaining regions can be obtained by a set-difference 
operation  
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Secondly, it is important to determine the mean PWA des-
cription for each region with bounded additive uncertainty, 
i.e. to express the transition from (2) to (8). To do so, the 
worst case perturbations of the mean model have to be 
considered. Obviously, these values will be located at the 

boundary of each region, as indicated by black dots in Fig. 
2. Thus, the mean model for region jD  is given by arithme-
tic mean of neighboring models corresponding to the boun-
dary of a given region, i.e. 
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with jIi ∈  where jI  stands for the index set of dynamics 
active in the region jD  and nn  denotes the number of 
overlapping models. 

The next step is to determine the affine term jf  and the 
maximal allowed uncertainty jw  in each region jD . For 
this purpose the maximum allowed reachable set of the 
uncertain system is explored. Let jA , jB  denote the fami-
lies of possible realizations of matrices jÂ , jB̂ . An over-
approximation of the maximum reachable set for the region 

jD  is given by  

{ }1111 |: ++++ ≤≤= kkkkj xxxxT  (14) 

where the update 1+kx  of the state is driven by the TS mo-
del (5) and 1+kx  and 1+kx  denote, respectively, the lower 
and upper limits of all possible realizations of 1+kx .  The key 
idea is to use an approximation of the form  
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and to transform the model (15) into a PWA system with 
bounded additive disturbances (8). Note that the PWA mo-
del (8) actually over-approximates the behavior of the origi-
nal problem (5) because even if the linearization for the 
particular regions jD  is determined, the conservatism ap-
pears in the unknown signal w  where the maximum allowed 
disturbance is considered. Obviously, the transformation will 
be applied to regions where multiple membership functions 
overlap. In the remaining regions only a single dynamical 
model will be active. 

Obtaining the maximum reachable set jT  for the sector jD  
via solving (15) can be viewed as a collection of polytope 
operations. Define the partial reachable set for the model i  
in the region jD  by  

{ }UuDxuBxAxxQ kjkkikikkij ∈∈+== ++ ,,|: 11  (16) 

Consequently, the maximum reachable set for the region 
jD  can be found as the bounding box of the union of the 

partial sets, i.e.  

)(:
1i

Bbox ij

n

j QT
n

=
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where the operator Bbox  is defined as follows:  

Definition 1. [20] A bounding box (P)Bbox  of a set P  is 
the smallest hyper-rectangle which contains the set P . If P  
is defined as a (possibly) non-convex union of convex poly-
topes iP , i.e. iii PP U= , then the bounding box can be 
computed by solving n2  linear programs per each element 
of the set P . Here, n  denotes the dimension of P .  
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The maximum estimated reachable set jT̂  can be compu-
ted similarly as a bounding box of the reachable sets for the 
mean model (8):  

)(ˆ Bbox jj QT =  (18) 

with  

{ }UuDxuBxAxxQ kjkkjkjkkj ∈∈+== ++ ,,ˆˆ|:ˆ
11  (19) 

The affine terms jf  of (8) can now be computed as a diffe-
rence between the analytic centers of the reachable sets for 
the “true” and for the “approximated” system:  

)ˆ()( cece jjj TTf −=  (20) 

where the operator ce  is given by  

2
)(ce xxxT −

−= . (21) 

Graphically are these sets depicted in Fig. 3a. It can be 
seen in Fig. 3b that the transformation procedure shifts 
these sets to one common analytic center. The allowable 
disturbance is then selected as the maximum distance over 
the edges of the sets in the sector jD , i.e. 

⎪⎩

⎪
⎨
⎧ +≥+−=

otherwise0

ˆif))ˆ((max jjjjjj
j
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In other words, if the approximated reachable set jT̂ , shif-
ted by the offset jf ,  is smaller than the original reachable 
set jT , then the difference is modeled by an unknown, but 
bounded disturbance jw , whose element-wise bounds are 
given by (22). 

By applying the same procedure to each sector jD  the 
original fuzzy model (2) can be converted to a PWA descrip-
tion (8). In the next section the pattern will be demonstrated 
on an illustrative example.  

Stabilizing Control of Uncertain PWA  
System  

In this section we review the algorithm to obtain a state-
feedback control law which stabilizes an uncertain PWA 
system given by (8) with constraints of the form (9). In order 
to address the stabilization problem the following definition 
is needed.  

Definition 2. [19] The set X∈ψ  is said to be robustly con-
trol invariant for the PWA system (8) subject to the constra-
ints (9) if for every ψ∈kx  exist Uuk ∈  such that 

Wwwuxf kkkkPWA ∈∀∈ ,),,( ψ .  

Hence the objective of the control synthesis becomes to find 
a mapping mn

kxu RR a:)(  which can stabilize the uncer-
tain system (8) in the sense of Definition 1. This problem 
was resolved in [19] using a minimum-time approach and in 
the sequel the overall scheme will be presented. The proce-
dure consists primarily of two steps. First, a suitable target 
set is designed and a corresponding Lyapunov function is 
constructed to confirm that the control laws in the target set 
are stabilizing. Subsequently the target set is used to initiali-
ze an iterative algorithm which constructs the feedback law 
in a way such that all system states are forced to move into 

the stabilizing target set in a finite number of steps while 
respecting system constraints. The nature of the algorithm 
actually guarantees that the number of steps is minimal, 
hence the procedure is referred to as minimum-time control. 

 
Fig. 4 Robusts invariant sets generated for the uncerta-

in system (8). The algorithm evolves from the tar-
get set 0S  outwards and the union of the sets is 
the maximum robust stabilizable domain. 

As already mentioned, the algorithm operates in an iterative 
fashion. At each iteration a Constrained Finite Time Optimal 
Control (CFTOC) problem of the following form is solved: 
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with the terminal set constraint setT . It is well known that if 
the value of kx  is fixed, the problem (23) can be casted as a 
standard Mixed Integer Quadratic Program (MIQP). Howe-
ver the solution to the optimization setup (23) can also be 
obtained in an explicit form using the so-called parametric 
programming techniques.  

Theorem 1. (Solution to CFTOC, [4]) The solution to the 
optimal control problem (23) is a piecewise affine state fe-
edback optimal control law of  the form 

k
rk

k
rk

k
rk PxGxFxu ∈+= if)(*  (24) 

where { }k
rk

k
r

n
k

k
r KxHRxP ≤∈= | , kRr ,,1K=  is a polyhed-

ral partition of the set kX  of feasible states kx  at time k . 
Here, kR  denotes the number of regions of the partition 

kP . 

One important implication of Theorem 1 is that the set of 
states rP  for which the problem (23) is feasible can be 
represented as a union of convex polytopes. This allows 
one to formulate the minimum-time algorithm as follows:  

The Minimum-Time Algorithm 
1. Calculate an initial stabilizing target set using reachabi-

lity techniques as discussed by [19] Denote the set by 
0S . Set the iteration counter 0=i . 

2. Solve parametrically the optimization problem (23) with 
the terminal set iset ST =  constraint. Denote the feasible 
set of the solution to (23) by 1+iS . 

3. If ii SS =+1 , abort, the algorithm has converged 
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4. Otherwise increment the iteration counter 1+= ii  and  
jump back to Step 2. 

The first 4 iterations of such algorithm are visually depicted 
in Fig. 4. 

According to Theorem 1, at each iteration of Step 2 we 
obtain a set of convex regions with an associated state-
feedback law. The issue of real-time implementation of such 
control laws then reduces to a simple set-membership test 
which can be performed much more efficiently compared to 
a solution to MIQP problems. If the feedback laws associa-
ted to the initial terminal set stabilize a given unknown PWA 
system, the algorithm generates a control law which guaran-
tees closed-loop stability [19]. For details regarding on-line 
implementation of minimum-time controllers we refer the 
reader to [9].  

Example  

Consider a TS model (1) described by two linear dynamics  
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The functions are depicted in Fig. 5. Using the eigenvalue 
analysis it can be shown that the matrix 1A  represents 
a stable system, while 2A  has unstable modes.  

 
Fig. 5 Membership functions. 

Constraints imposed for this example are the closed inter-
vals 

[ ] [ ] [ ]2,23,3,5,5 −×−∈−∈ kk xu . (27) 

To convert a given TS model into the PWA form (8), the 
feasible region (25) is first decomposed into 5 intervals 
given by following polytopes: 
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The polytopes (26) have been selected following the proce-
dure illustrated in Fig. 2. The PWA model takes the affine 
form 
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with 212,1 5.05.0ˆ AAA +=  and 212,1 5.05.0ˆ BBB +=  denoting 
the averaged state-update matrices for the overlapping 
modes. Important to notice is that modes 2 and 4 (which are 
active in sectors 2D  and 4D ) are averaged due to overlap-
ping membership functions. Using reachability analysis and 
computing jT  as per (17) we got 
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The maximum approximated reachable sets jT̂  can be 
computed using (18) and are given by following axis-aligned 
intervals: 
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The affine terms jf  in (27) and the range for the maximum 
allowable disturbance kw  have been computed according 
to (20) and (22), respectively, as 
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The final PWA model of the form (8) is then composed of 
(27) and (30), where the regions jD  over which each dy-
namics is active is given by (26). The maximal range for the 
unknown disturbance kw  is defined by (31). 

Once the PWA description is available, we can apply the 
minimum-time algorithm described in the previous section to 
design a stabilizing feedback law. The algorithm implemen-
ted in the Multi-Parametric Toolbox [14] terminated at itera-
tion 11 and the polyhedral partition over which the control 
law is defined is depicted in Fig. 6. Moreover, the figure also 
shows closed-loop trajectories  starting from various feasible 
initial conditions. The original fuzzy model was used as the 
controlled plant during the simulations.  
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Fig. 6 Mapping of the PWA controller. 

In addition, Fig. 7 shows the time evolution of the controlled 
state variables and the input profile for the case of 

[ ]Tx 1,5.20 = . As can be seen from the picture, the calcula-
ted controller drives the system states towards the origin in 
a dead-beat fashion. 

 
Fig. 7 Closed loop simulations. 

Conclusion  

This paper presents a way to incorporate input/state con-
straints in the control desing of the process described by 
Takagi-Sugeno model while preserving stability. It is shown, 
that the input fuzzy sets are decomposed to strictly separa-
ted region, by introducing averaging models with bounded 
uncertainties. Computation of uncertainties is performed via 
reachability analysis, which consist of a collection of polyto-
pe operations and results in a PWA model. Consequently 
the PWA model is adopted to design an explicit controller 
which guarantees closed-loop stability. The design procedu-
re is based on a minimum-time principle in which all system 
states are pushed into a stabilizing terminal set in the least 
possible number of steps.  
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