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Abstract.

Conditions for the existence of an observer form for nonlinear discretetime dynamic
models are known to be restrictive, motivating various extensions (e.g., generalized
observer forms) to enlarge the class of systems for which observers with linear error
dynamics can be designed. This paper introduces an alternative approach, based on
replacing the usual addition operation + with a more general binary operation © that is
associative, continuous, and cancellative. These requirements lead to a simple
representation for the operation © in terms of a continuous, strictly monotonic function
@ () . This form is called an associative observer form, and it is demonstrated that the
known results for observer design extend easily to this class of nonlinear systems and
yield linear error dynamics. A constructive algorithm is described that determines
whether the original nonlinear system can be transformed into the associative observer
form. The proposed approach is compared with the generalized observer approach
involving both state and output transformations, and it is shown that both approaches
yield identical results. On the other hand, our approach simplifies the computations of
the output transformation, which are done in two independent steps and do not require
the solution of a system of n differential equations, as the generalized observer
approach does.

Keywords: Nonlinear control system, Discrete-time system, Generalized observer form,
Associative binary operation.

INTRODUCTION speaking, a system in observer form is a
linear observable system that is
Consider the nonlinear system interconnected with an output and input-
x" = G(x,u), ™) dependent nonlinearity:
y o= hx), zi = 2+ (z,u)

where x e ¢ ? is the state, v,y ey

are respectively the input and outpu.t of = oz +@  (z,.u)
the system. In this paper we consider N

the design of observers for discrete-time Zn ®,(z,,u)
nonlinear systems of the form (1) by y = z

means of the so-called associative (2)

observer form which is a generalization
of the standard observer form. Roughly
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Observers for this kind of systems may
be constructed by building a classical
linear Luenberger observer for the linear
part and adding the measurement-
dependent non-linearity to this observer.
The problem of transforming the
discretetime nonlinear system (1) into
the observer form (2) has been studied
for systems with one output and without
inputs in [9]' and [3]. An extension to
systems with inputs and a nonlinear
output function h(x) is given by
Ingenbleek [7]. Unfortunately, the
conditions for the existence of an
observer form are extremely restrictive.
Therefore, different kind of
generalizations have been considered to
enlarge the class of systems for which
one can design an observer with linear
error dynamics: either the class of
transformations allowed was enlarged or
generalized observer forms were
introduced [10]. For example, besides
state transformations, also output
transformations [6], system immersion
into an higher dimensional system [8] or
output-dependent time scale
transformations [5] were considered.
Finally, the paper [11] addresses the
problem of transforming the nonlinear
system into  nonlinear  observer
canonical form in the extended state-
space by augmenting the original
system with some auxiliary states and
defining  virtual outputs. As a
generalization of the observer forms, the
so-called generalized output injection
was introduced that, besides the outputs
and the inputs, depends also on a finite
number of their time derivatives (or shifts
in the disctere time case).

This paper introduces an alternative
generalization of the familiar observer
form. The generalization presented here

"In [9], the order of the state variables is permuted.
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is based on replacing addition in
observer form with a more general
binary operation © required only to be
associative, continuous, and
cancellative. These requirements then
lead to a useful, simple representation
for the operaton © in terms of
continuous, strictly monotonic function
¢(-) . This form is called an associative
observer canonical form and our task is
observer design for such systems. Our
motivation is to explore the extent to
which known results for observer design
do or do not extend to this class of
nonlinear systems.

1. ASSOCIATIVE BINARY
OPERATORS

The binary operators © considered here
may be viewed as a mapping from some
domain D=/x] into /, where | is an
interval of real numbers that may be
finite or infinite but must be open on at
least one side. Further, © is associative
if it satisfies
(xop)oz=xc(yoz)
(3)
for all x, y and z in I. Equivalently, this
binary operation may be written as
xey=F(x,»), reducing (3) to the
associativity equation, [1]:
F|F(x,y).z] = Flx,F(,2)],
for all x,y,xel. Further, ©O is
continuous if the map F:IxI-Iis
continuous, and cancellative if either of
the  following  conditions implies
t,=t,:t,ez=t,°z Or zot, =zo°t,. It
has been shown in [1] that the binary
operator O is continuous, associative,
and cancellative on [ if and only if
xoy=¢"'[¢p(x)+p()],
(4)
where #(-) is strictly monotonic and
continuous on /. The most common
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examples are addition, corresponding to
#(x) =x, and multiplication, corres-
ponding to ¢(x)=Inx; the other
examples are the parallel combination
x|l ¥, defined as
xy

x+y’

arising from the parallel combination of
resistances in electrical networks and

1
defined by the function ¢(x) =—, and

P
the projective addition operation @
defined as

x|ly=

X®y = 2xy —(x+Yy)
xy —1

in [13] which corresponds to the function
P(x) =x/(x—1).

For convenience, the class of all
associative, continuous and cancellative
binary operators © will be denoted II. It
follows from (4) that any binary operator

O 1IIis also commutative: X°V =Y°X

and, as a consequence, the comb-
ination:

@x, =x, 00, 0.3, = ¢ {Zn:gb(xi)}

is invariant under arbitrary permutations
of the nterms x, .

Another extremely useful consequence
of the representation (4) is that the
binary operation © is invertible, with an
inverse operation ¢ given explicitly by:
x0y = ¢~ [p(x) —p(1)] . (5)
It follows directly from (4) and (5) that
(x°)»)0y=x. When © denotes
addition or multiplication, the inverse
operations of subtraction and division
are well-known. As less obvious
examples, notenthat the inverses of the
parallel combination x| » and the
projective addition operation x & y are
given by:
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xly= Xy , x®y=%'
y—Xx xy—2y+1

2. OBSERVER DESIGN FOR
SYSTEMS IN

ASSOCIATIVE OBSERVER
FORM

The associative observer form is defined
by replacing all additions in the observer
canonical form (2) with arbitrary binary
operation © from II:

Zl+ = z, o0 (z,,u)

zZ,, = z,°0,,(z,u) (6)
Z}'—:— = (pn (Zl’u)

y = Z

Relate to system (6) the following
dynamical system

2,00,(z )0 ¢ (K [(2) —8(2)))

A4 _
zZ, =

2= 2+ (L ek, [p(2) - d(z))
z; = @, (z,u)od7 (k,[9(2) —¢(z))
(7)

called observer, and define for
i=1,....,n  the error term

e, =#(Z,)—P(z)).

Proposition. Observer (7) guarantees
for system (6) in associative observer
form a linear error dynamics

+ —
e = e, +ke

®)

e = e, +k, e

+
n—1
+ —_—
en - kn el.

Proof. By (4) we can rewrite equation (6)
as follows



P(z)) = #(z,)+d(o(z,u)

$(zi) = ¢(z)+do, \(z,.u))

z, = ¢n(21»”)’

where ¢ is a strictly monotonous
function defined by the binary operator
0. Analogously, by (4) and the
observation that

xop (W) =¢  (P(X)+»)
yielding
P(x°p™ (M) =)+
we can rewrite equation (7) as follows
¢(21+) = @2, +d(@,(z),u))+
+k[p(2)] - ¢(z))

¢(2n—1+) = ¢(2n) + ¢(§Dn—1 (Zl ,u)) +
+k,[#(E) —d(z2)]

$(2,7) = P(@,(z.0)+k,[d(Z)—¢

)
The straightforward computation yields

now (8) for error dynamics.

Suppose PC) satisfies the
generalized homogeneity condition ([2],

p. 345):
P(hx) =y (K)p(x) |
(10)
forall £, x e . Let x =1and note that
P (k)
k) = Kol K)="—~-~=
P(k) =y (K)p(l) = w(K) o)

(11)

It follows from this observation that

v (x) satisfies Cauchy’s power
equation:
w (k) = PUkx) _ y(D)p(x) _ w (Fw (x).

¢(1) #(D

(12)
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for which the only continuous solutions
are known to be [2], p. 31:

w(x) =0, w(x) =l x|", y)=| x|" sign(x),

(13)
where V is any real constant. It follows
from this result and the monotonicity
requirement on ¢() that this function
must be of the form:

P(x)=a|x|" sign(x), (14)
for some nonzero real & and some
v > 0. Note that under these conditions,

it follows that:
1/v
7 () = sign[xj (15)
(04

and that

X

(04

¢ () = k| sign(B))p ' (x) = kg (x).

(16)
The advantage of these observations is
that if ¢(-) satisfies these conditions,
we can draw two conclusions. First, the
difficult term appearing in the observer
equation (7) above for J=1.....n
becomes:

~

o7k [pCzH—dz))) = k97 (8(2)—¢(2)
k

y 21021]

(17)
so the observer equations for
J =1...,n—1 now have the form:

2; = 2j+] O¢j(21a”) ij[élozl] .
and

2, =, (z,u) 0 k,[2,02,].

The other advantage of this condition
is that it implies that (Z.=,-) forms an
algebraic ring, where represents
ordinary scalar multiplication. The key
lies in the fact that the generalized
homogeneity condition is sufficient to
imply that - is distributive over ©, for the
proof, see Appendix. We conjecture that
this condition is also necessary, i.e. that
¢(-) satisfies the generalized homo-
geneity conditions iff (Z.o,-)forms a
ring. However, the proof is left for future
research.




If system (1) does admit an
associative observer form, an observer
for system (1) may then be obtained by
first constructing an observer (7) for the
system in the associative observer form
(6) in the new coordinates z =7(x)
and then letting x(z) =7 "'(2(z)) be
the estimate of x(2) .

We thus see that observer design for
system (1) is relatively easy when (1)
can be transformed into associative
observer canonical form. This raises the
question under what conditions (1) can
be put into associative observer form.

3. SYSTEM TRANSFORMATION INTO
ASSOCIATIVE OBSERVER CANONI-
CAL FORM

The crucial point in the construction of a
nonlinear observer of the form (7) with
linear error dynamics (8) is the
transformability of the discrete-time
nonlinear system (1) into associative
observer form (6). In [12] input-output
difference equations with associative
dynamics

Yien = ¢71 (HZ_: ¢((Di+1 (yt+[’ut+i))j .
(18)

were  studied  with respect to
realizability/realization and it was shown
that the associative models of the form
(18) do have a classical state space
realization in the associative observer
form (6). What is especially important
with regard to the topic of this paper is
that once the associative structure of the
input-output model corresponding to (1)
is recognized, the state space model
construction in a associative observer
form (6) is direct, allowing a simple
translation from inputoutput model (18)
to state space model (6). So, our
approach is to find the input-output
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equation, corresponding to the state
equations (1) for which we want to
construct the observer and check if this
equation can be put into associative i/o
form (18).

Certainly, it is not always easy to
recognize the associative model
structure in input-otput equation

yt+n = f(yt 5> yt+n—1’ ut °°°> ut+n—1 )
(19)

by simple inspection since it depends on
existence of certain functions
@D.p,.....p, , not defined in advance.
In ([12] an algorithm was given to check
if a higher order i/o difference equation
can be written in the associative form
(18). This algorithm permits computation
of the required functions
»,,i =12,...,nstep by step whenever
they exist. The algorithm is constructive
up to integrating some one-forms which
is very common in nonlinear setting. To
make this paper self-sufficient, we recall
this algorithm below.

Algorithm. Calculate for
i=0,1,.,n—1
t+i :wd t+i +@d t+i .
O 4 ou,,,
(20)
Check:
do,, o, =0. (21)
If not, stop; otherwise
a)l+i = 2"1'+1 (yt 2°°°> yt+n—l > ut 2°°°> ut—H’l—l )
d¢i+l (yt+i > ut+i )
(22)

If (21) holds for all # =0....,n —1, then

according to formula (20) the total
differential of function
n—1 —1 af
df = Za)t+i :Z a d(pi+1
i=0 i=0 ¢i+]
(23)
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can be written as

n—1
df = Zﬂ"i+ld(Pi+l .
i=0

(24)
Consequently, forall # =0,...,.n—1,
;l‘i+1 = 8f .
a(le
(25)

However the problem of finding the
function ¢  that determines the
associative operator is still an open
question. Though a complete solution
remains a subject for future research,
we suggest the following approach.

Problem. Given i/o equation (19) which
is known to admit the associative i/o
form (18) and the functions ¢, ., find the
function ¢ in (18).

Solution. From

PUI(ismees Vinsthy sty )] =

¢(¢l(yt’ut)) Tt ¢((on(yt+n—l’ut+n-

(27)
one can easily compute the following
expressions

¢’(§Di+l) — /li+1 . (28)
¢ (@jﬂ) 2‘j+1
for i,/ =0.....n—1_ That is, from (27)
and (20)
¢'(f)a)t+i = ¢'((Pi+1)d(pi+1
and now by (22)

¢'(¢i+1 )d(pi—H — A’i+ld(pi+l
¢'(§0_;’+1 )d(pj+l /’Lj+ldq0j+1
yielding (28).

From equations (28) it is often possible
to find the function @(x). We will
demonstrate the computations in
Section 6 on three examples.

Unfortunately, contrary to what was
claimed in [12], conditions (21) are not
sufficient to transform the input-output
equation (26) into the form (18), if n > 2.
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The following
counterexample

_ Vi Vi VeoUiio

YVivz =
Yin TV,
for which the necessary condition (21) is
satisfied, but the equation can not be
written in the form (18). According to

(20), the 1-forms «,,; are

system provides a

2
ViU
a)t — t+1. t+2 t+§ dyt:
(s +3,)
2
Vi ViU,
a)t+1 = o nd ! 22 dyt+19
(Vs +3,)
YViViy
a)t+2 = e dyt+2ut+2’
(Vs +3,)

and by (21), the functions ¢,,, and the
integrating factors are, respectively as

D= Vs Por = V- Ps = Vol
and

2
yt+1 yt+2ut+2

A, = =,
(yt+l +yt)
/12 — ytzyt+2ut+2
(yt+1 +yt)2
l — ytyt+l
3 .
(yt+1 +yt)
Compute
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2V, VYol
da)t+1 = (;} t+1 yt 2)§ : dyz+1 /\dyt +
t y2 t+1
+1—+12d(yt+2ut+2) A d
(yt + yz+1)
2V, ViVl
da)t+2 = (;/ l+1 yt 2); - dyt AdytH +
t t+1
2
Yy
+———d(y.,U,.,) Nd
(yt + yt+1)
2
Vit
da)t+3 = = (y +ty1 )2 d(yt+2ut+2)/\d.
t 2t+1
y

- d (Y U, N d

(yt + yt+l)
(29)
The direct computation shows that for
i=0,1,2
dw,,, N, ; =0.

However, if we try to find & , we obtain
the following relations

1+i

M Yin
2 ;o
A _ YmVieolio
}’3 yt(yt+yt+l),
ﬁ — ytyt+2ut+2 )
A YerV + Y1)
(30)
The second formula in (30) leads to
¢'W,) _ i _ Y Violin
D' (Vialtn) Ay v, (, +yz+1).

€1y
and since it contains a variable »,.,,,
there does not exist & as a single-
variable function. The same happens
with the third formula in system (30).

Consequently, the function:
¢: ¥ —>PYdoes not exist for this
example.
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Really, if (21) holds for i =O,....,n —1
then due to

n—1 n—1 af n—1
df = Za)t+i :Z d¢i+l = Z/’{«i+1d(,0i+l
i=0

=0 0P, i=0
(32)
function / can be written as a
composite function (but not yet as in the
form (18))

yt+n = f(yt "“’yt+n—l ’ut ""’ut+n—l) =
=c(@ W u,)sts @y (Vi)
and the integrating factors A,., can be
expressed as composite functions as
well
APV, s P, (ViU )-
(33)
Our next task is to find the necessary
and sufficient conditions (see Theorem
below) to transform the input-output
equation into the form (18).

We start by proving a lemma that is
fairly  straightforward extension of
Huijberts result [7], Theorem 6,
(1) —> (i)). Note however, that the
associative dynamics form is different
from the structure of the output equation
considered in [6]. This lemma will be
useful in proving the Theorem 2 below.

Lemma. If the input-output equation
can be transformed into the associative
dynamics form (18), there exists a
function S such that for z = 0,....,n —1

do,, =dS nw,,,. (34)

Proof. By (18),

b =S W ). (35)
Taking the lgiofferential yields by (23)
PO =580 =58

(36)
Consequently, for Z = 0,1,...,n7 — 1



' (o, =o' (p,,)dep,,,.

(37)
Since the right hand side of (37) is a
total differential, also the left hand side
has to be a total differential and its

exterior differential equals zero,

dlg' (M re,,; +¢'(Ndo,., =0

(33)
From (38), for i = 0,....n —1
da)t+i =—dln | ¢'(f) | /\a)t+i = dS A a)z+i .
(33)
Theorem 2. The conditions
da)t+i N a)t+j + da)t+j N a)t+i = O
(40)

i,j=0,.,n—1
are necessary and sufficient to transform
the input-output equation (26) into the
associative dynamics form (18).

Proof. Sufficiency. The proof falls
naturally into three steps. On the first
step (i) we will show that under the
conditions of Theorem there exists ® ,
being a total differential of a certain
function S such that (34) holds. On the
second step (ii) we will prove that (34)
yields

B = SV Gt

and finally, on the last step (iii) we will
show that

Vi =9(@.,)
(i) First note that in case i=/ (40)
yields (21). Taking the exterior
differential of (22) we obtain

da)t+i =dIn| ;Li+1 | N ;. (41)

Obviously, ® cannot be taken equal to
dIn| A, | since there is no reason to

assume that all integrating factors 4.,

are equal. However, we may search
©=0,,=0,, Vi inthe form
O, =dn|A,, |rA4, ®
(42)

Then we have
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da)t+i = @ AN a)t+i . (43)
For (43) to hold, we have to prove that
under (40),

©.,-6,,-0 (44)
for all #,/7=0,..n—1,
number of coordinates
{yt LA yt+n—1 >ut ""9ut+n—1} in the I/O
space is 27 and the number of 1-forms
@D, ., k=0,...,.n—1, is N they do
not form the basis and every 1-form

Since the

cannot be written as the linear
combination of the 1-forms
@,,....,w, . . However, as we will

show in the sequel, if (21) holds, the 1-
forms ®,,,can be expressed as the
linear combinations of @,.....@,,, ;.
By (42), (33) and (22)

®i+1 = a;(/l i+1

1 — 1+]
z d k+1 +
= A =0\ 09,

+ Alﬂa)

t+i

— +
t+k
= /1:+1 k= O(G(Dkﬂ ﬂ“k+1 j
+ Ai+1wt+i =

n—1
Z '9i+1,t+k a)z+k
k=0

Il >

(45)
where
Giin = O ! ! +0,4
’ 0Py A A
By substituting ®,,, from (45) into (43)
we get

n—1
0 +i = Z‘gi+l,t+ka)t+k /\a)t+z
k=0
and substituting the last result into (40)
we getforall i,/ =0,.....n—1

k+i
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n-l1 n—1
Z(8i+1,t+k - I9]+1,t+k )a)t+k N a)t+z’ N a)t+j = ¢(f) = ZWH—I (yt+i 9”;4.1')
k=0 i=0
which yields (44). (52)

To conclude the first step, note that (iii) Finally, we have to show, that for
from (42), i=0,..,n-1

ﬂv =
Ai+1a)t+i - A/’+la)t+j =dIn - WH] ¢(¢i+l ) . (53)
‘ 241 Due to (50), (22) and (25)
follows immediately that 4,,,,,,, for dy,, = ¢'(NHA.de,, =
i=0,.,n—1 are total differentials. _ of
Therefore, ® is also total differential 4 (f) » AP = (54)
and_can be written as = ¢ ((Pi+1)d§0l+1
®=dS. .
yielding
l//i+1 = ¢(§Di+1) . (55)

(i) Since by (23), =/ Je,,, is a total
differential, its exterior derivative

Sdmm =dS A Swm =dS ndf ;(b((Dm Vst D =X
=0

i=0
, Then
equals zero and by Cartan’'s Lemma, w,, =7, ., dp,

dS e span{df’} . Therefore, a function
where

S(yt,.-.,yHn,l,u,,---,an,I)Can i (¢71)| ¢v( )
be expres-sed as a composite function, i1 x Pint

Necessity. Denote

S =T¢f.The latter allows us to define a (56)
function ¢ such that and
P(fH)=e". (46) do,, = dA,~rde,,
Then = dn|[4,, | ro,, .
S=-In[¢'(/)]. (47) (57)
Acc%rding t(13 (34) and (46), for Direct computation now gives
i=0,....,n—
do,,=—-dIn|¢'(f)|re,,; do,, Nno,,  +do,  No, ; =
(48) 2
from where by direct computation we get =dlIn /1—“ N, ND,, .
dl¢'(Ne,.]=0. (49)
Therefore there  exist  functions (58)
’ From (56)
Y i (yz+i>uz+i) such that 1 5 )
$ (o, =dy,.,. (50) dln| 2t = d ln‘% =
Multiplication of (23) by #'(f) gives s P
nl ¢ ((p1+1 ) P (p,.,)
¢(f)] Z¢ (f)a)l+l ZdV/i+1 (Viwiott, ¢ (@) |:¢'(qoj+l):|
i=0

(51) where
yielding

. AT&P journal PLUS2 2007
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d{ #'(P..1)

1 N

- d ' i+1 /.

@, )} 7o F @ @
o d(¢' (¢j+1 ))¢' (¢i+1 )]

(59)
Substituting (59) into (43) and taking into
account that

d¢'((pi+l) = ¢”((Di+l )dp,,, = %wtﬁ
i+l

(40) follows immediately.

Remark. In the case »n = 2 condition (21)
is both necessary and sufficient. It
follows from the fact that under (21),
df =, +o,; and then do, =—-do,,
yielding (40).

4. COMPARISON OF TWO METHODS

In this section we compare the method
used to transform the input-output
difference equation (26) into the
associative observer canonical form,
described in the present paper, with the
method given in [6]. Note that Huijberts
considers the equations
Vien = f(yt ""9yt+n71) (60)
without inputs and searches for the
output transformation p:¢¥ —> ¢, so
that the function ./ in (60) satisfies
PUNH=0,(y)+ .+ (V1)
The corresponding step in our method is
to transform equation (60) into the form
(18). Since (60) does not contain the
inputs, we require
Py =@ (V) + o+ (@, (V1))
(62)
Comparison of (61) and (62) de-
monstrates the analogy between two
methods, and gives
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p=p, Y @)=¢, .. i=1L...n.
(63)
To determine the function 2, Huijberts
defines the 1-forms

i af
-a)i = dyt+ —1 .
jz—ll a.yt+j—l a
(64)

The corresponding step in our method is
formula (20) to define the 1-forms

Wi = /A d

oy

t+i—1 .
t+i—1

(65)
Obviously, the 1-forms <, , in our
method and the 1-forms @, used in the

Huijberts’ method are related in the
following way
D,y =0, —, . (66)
In order to transform (60) into the form
yt+n = p_l(¢n (yt) +...+ ¢1 (yt+n71 ))

all the 1-forms

& - Z%dy — (' (o,

for i=1.....,.n have to be total
differentials, therefore, for i =1,....7
the following has to hold:

d(p'(f) Ao, +(p'(f)dw, =0.
The latter vyields the system of
differential equations to determine the
function 7 :

dw, =—dIn| p'(/) | ro;, . (67)
The 1-forms @@, are in general not
exact, but according to [6], the
multiplication of @, with the function
p'(f) gives us the exact 1-forms

o, = (p'(fNw,. (68)
Using (67), one can find the function

)2 € N IR
and then, via integrating, »(x), but
both steps are not easy taks, in general.

Since (p'(/))®; have to be total

diffe-rentials for Z = 1,..., 7  the same
has to hold for
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(P (Mo, —o,_, | =@ (o, _ 2V Y =Y~ Yia
yt+2 - .
(See 66)) ViV —1
According to formulae (66) and (67), To calculate the 1-forms (20), we take
one may also write the partial derivatives
da’zﬂq =—dIn(p'(f) @, ;. af (ym _1)2
(69) ayt B (yzyt+1 _1)2

Using our method, the corresponding

step is to check for i=1,....n the and
condition o _ -1

da)t+i71 NGO i = 0 ayt+l (ytyt+1 _1)2

T _ to obtain
which, if satisfied, yields w, = or dy. @ = or dy,
. = 2,( Ydo, (v, 1) o Wi

e 1) PV eomee Vewna JAPi Y i - The coefficients A, and A, in (22) are
The latter means that by multiplying the PR -1’ PR ~1)*
1-forms @, , , by the integrating factor : (v, -7 T (v, -7
A7 (Y, sees Visno) gives us also the and we finally obtain that ¢, (»,) =,
exact differentials. and

Next we look for the relationship O (V1) =V
between the coefficients 4, in (22) and To compute ¢ , by (28)
p'(f) in (68). According to (62) one $'(@) (v, —1)7>
can write equation (60) also in the form 3 () = (. —1)

P = PP+ oot PP (i 1) AN
Taking the partial derivative with respect yielding
to »,.. yields according to (64) P(x)=—"7.

PN, = P, )dp (x =1

o AR One can find #(x) as
Comparing the obtained result with (71) d .
we get ¢(x)=_j — = '
(@) (x—-1 x—1
= (72) (73)
p'() _ , This choice will yield
Of course, one can also find the different
integrating factors.
Taking into account that p(x) = ¢(x), o)+ d(y,,,)= Ve Ve
one can find »(x) from the system of yo—1 yu—l1
equations (28). _ VY =V TV _y
ViVier = Ve = Vi —1
5. EXAMPLES and since :
P (&) = ﬁ ,

Example 1

Consider the output equation

. AT&P journal PLUS2 2007



¢ [B0r) + 0] = =

_ Zytyt+l — V= Vi '

ViV —1
We can also calculate function
p(x) = ¢(x) using Huijberts’ method.
Calculating 1-forms @, according to (64)
we get

5 L. —D?
w, = L dy, = iy =1 >dy,,
8yt (ytyt+l _1)
-0)2 af d + af dyl+1 =
oy, Y1
J— 2 J—
O P €t
(yzyz+1 _1) (ytyt+1 1)

(74)
To find the function
S =—In(p'(f), (75)
necessary for calculating 7, we use
formula (67) and calculate the exterior

differentials of @, and w,. Then
2
do, ==Ly, nay, -
a.yta.yt+l
2 —1 —1
= (yt )(yH—l 2 )dyt+l N dyt =
(yt Vier — 1)
=dS A w,.
(76)

Consequently, if S exists, by (74) and
(76)

_ 2
S d A (yt+1 1)

dSAw, = d
1 ayt+1 o (ytyl+1 - 1)2 .
with
os 2(y, =1
(&) Vi DO,y — 1)2
(77)

Since w, is an exact 1-form, condition
(67) gives

do,=dS nw, =0
yielding

. AT&P journal PLUS2 2007

oS _ Z(yt+l B 1)

ayt (yt _l)(ytyt-H _1)2
(78)
The function S can be found by solving
the system of differential equations (77)
and (78). Note that in the general case
this can be a very complicated task.
Taking into account also (75) we get

' (ytyt+l _1)2
= . (79
P (f) (yt _1)2(yt+1 _1)2 ( )
To determine the function p»(x) the
right hand side of (79) has to be
expressed in terms of funtion /. This

step, again ext-remely complicated,
leads to the result
p'(f)=
a-5? f )’
or
)=
p d—x (80)
The integration gives
plx) = ——, (81)
1—x

the same result as in (73), obtained by
our method.
Example 2

Consider the i/o equation
yt+2 = ut (but+1 + Cyt+1 + ayt—o—l”t—o—l )
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(82)
Compute
@, = (but+1 Ty, tay, U, )dut >
Wy = U, [(b +ay,.)du,, +(c+au,)dy,, ]
(83)
from which
P =u,,

(P2 = but+l + Cyt+1 + ayt+lut+l .
and A, =¢,, A, =¢,. Therefore, by
(28)



¢'(@) _ o,
(@) @
The latter yields

$'(x) = —
X
and
p(x)=In|x]|.
Applying the Huijberts’
computes
0, =0,

method one

w, =0, +0 (84)

and

t+1

dw, = d(bu
dw, = 0.

So, dw, =dS Anw,, and by taking into
account i/o equation (82) and rela-

tionship (84), the latter yields
as =d ln(butﬂ +cy,, + ayt+lut+l) +

+ q(yt7yt+17ut’ut+l )dut'
From here it is in general not possible to
find the function ¢ .

t+1

Example 3

Consider the i/o equation

_ autyt+1ut+1
yt+2 -
ut + ayt+lut+]
(85)
Compute
2.2 2
a yt+lut+l
o, = >du,,
(ut + ayt+lut+l)
2
u
_ t
a)t+1 - ( 2 d(ayt+luz+l)>
ut + ayt+1ut+1)
(86)
from which
¢1 = uz s

Py =ay, U,
Applying now formula (28) we obtain
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+ Cyz+l + ayt+lut+l ) A dut >

¢'(9) _ o5
¢'(9,) (P12
From above we get
1
P'(x)=——
X
and finally
1
P(x) = e (87)
Applying the Huijberts’ method one
computes
W, =w

t>

wz = C()t + a)t+l

(83)
and
2
dw, = A Vit sd(ay,  u,., ) Adu,
(ut + ayt+1ut+1)
=dSAw, =
oS
=———d(ay,,u,,,)ANdu,,
6(ayz+lut+1)
dw, = 0.

(89)
Comparing formulas (88), (89) and (86)
we get

oS 2u,

o(ay,,u,.,) ay,  u,,(u, +ay, u,, )

yielding

2
ayt+lut+1 J +
ut + ayt+1ut+1

S=-In[p' (= ln(

+1In|g*(u,) |,
where the last term is a function
depending only on z¢, . Then

2
, u +ay+u+
p (f)=|: t t+1"7" ¢ +1 :|
agu,)y, .U,

éince the last expression has to be
expressed via ./ in (85), we take

MODELLING, SIMULATION, AND IDENTIFICATION OF PROCESSES



g(u,)=u,
and get

) =L
p'(f) I

yielding »(x)=-1/x. This solution
agrees up to the sign with the solution
for #(x) in (87).

6. CONCLUSIONS

This paper has introduced a new class
of nonlinear observers that exhibit linear
error dynamics. The basis for this
observer class is the replacement of the
usual addition operator + with a more
general operator © in the canonical
observer form for nonlinear discrete-time
dynamic models that has been
considered previously by a number of
authors. The resulting structure, called
the associative observer form, is
significantly more flexible than the
canonical observer form, greatly
enlarging the class of nonlinear models
that can be represented. The operator ©
on which this extension is based still
exhibits a number of characteristics of
the usual addition operator: in particular,
it is required to be associative,
continuous, and cancellative, implying
that it may be expressed in terms of a
continuous, strictly monotonic function
¢() . Taking #(x) = xreduces © to +
and reduces the associative observer
form introduced here to the well-known
canonical observer form. Allowing ¢(-)
to be more general but requiring it to
satisfy
the generalized homogeneity condition
discussed in Sec. 3 implies that the
operations O and scalar multiplication
still form a ring, as in the case where ©
is the usual addition operator, and leads
to an associative observer that
corresponds to the usual linear observer

. AT&P journal PLUS2 2007

but with slightly modified gains, with +
replaced by © and with — replaced by
¢, the inverse of the O operator, which
is also simply expressed in terms of the
function ¢(-) . Relaxing the generalized
homogeneity condition leads to the most
general case, where the associative
observer form is slightly more complex
but still reasonably straightforward. In all
cases, the error dynamics remain linear,
as shown in Section 3.

In addition to defining the associative
observer class just described, we have
also presented a realization procedure
for putting a given nonlinear discrete-
time dynamic model into associative
observer form. We demonstrate this
method for three simple examples and
also compare it with the method of
Huijberts, which leads to the same result
for two of these three examples but fails
to yield a solution for the third. In
addition, the computations involved in
our procedure are substantially simpler.

7. APPENDIX

Proposition. Under the generalized
homogeneity condition (Z..-) forms an
algebraic ring.

Proof. A ring (see [4],, p. 103), is
defined as a set X with two binary
operations, © and - that satisfy the
following axioms:

A1: O is commutative: X°)Y =Y°X for
all x,ye X ;

A2: © is associative:
xo(yoz)=(xoy)oz forall x,y,z € X ;
A3: a zero element exists, Z € X, such
that xcZ =x forall xe X ;

A4: additive inverses: for all xe X,
there exists z e X suchthat xoz=27;

MODELLING, SIMULATION, AND IDENTIFICATION OF PROCESSES



M1:. the operation is associative:
x-(y-z)=(x-y)-z forall x,y,ze X ;
D1: both operations satisfy left
distributivity: x-(yez)=x-yex-z;

D2: both operations satisfy right
distributivity:

(xoy).zzx.zoy.z.

In our paper, the operation © is
defined to be associative and it is shown
in Section 2 that it is also commutative.
To show the existence of a zero
element, note that x o Z = ximplies

P+ Z)=¢p(X) = H(Z)=0=Z =¢

(90)
Further, since © exhibits the inverse
operation ¢, it follows that the additive
inverse zZ for any element xe X is
simply z = Z0x . Thus, our operation _
always satisfies conditions A1 through
A4.

In the case of interest here, the
operation : is simply scalar
multiplication, which is both associative
and commutative, so that condition M1
is satisfied and conditions D1 and D2
are equivalent. Thus, the collection
(X.°,") defines a ring if and only if
distributivity condition D1 is satisfied. In
terms of the function (), this
condition is:

x - (P(V)+P(2) =@ (p(x- )+ p(x-2)

(91)
Next, suppose ¢() satisfies the
generalized homogeneity condition:
d(xy) =y (x)-d(y),
92)
and note that the right-hand side of Eq.
(91) then reduces to

¢ (P(x2)+p(x2)=¢ " (W (x)-[p(1) +¢

(93)
Setting v =¢0) and applying the
inverse function ¢~ ' to both sides of
Eq. (92) yields the result that
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¢ W(x)V)=x-¢" (V).
(94)
Combining Egs. (93) and (94) then gives

MODELLING, SIMULATION, AND IDENTIFICATION OF PROCESSES

¢ (p(x- ) +P(x-2)) = x-¢ " (F(V) + $(2)).

(95)
establishing that distributivity condition
D1 holds. Thus, () satisfies the
generalized homogeneity condition (92),
it follows that (X',=.) defines a ring.

Acknowledgements

This work was partially supported by
the Estonian Science Foundation Grant
nr. 6922.

REFERENCES

[1] J. ACZEL.: A Short Course on
Functional Equations. Reidel, Dordrech,
1987.

[2] J. ACZEL, J. DHOMBRES: Func-
tional Equations in Several Variables.
Cambridge University Press, New York,
1989.

[3] S.T. CHUNG, J. W. GRIZZLE:
Sampled-data observer error linea-
rization. Automatica, 26: 1990, 997-
1007.

[4] L.L. DORNHOFF,
Applied Modern Algebra.
New York, 1978.

F.E. HOHN:
Macmillan,

[5] M. GUAY: Observer linearization by
output diffeomorphism and output-
dependent time-scale transformations..
Pergamon Press, Oxford, 2002, 1443—
1446.



MODELLING, SIMULATION, AND IDENTIFICATION OF PROCESSES

[6] H.J.C. HUIJBERTS: On existence of Institute of Cybernetics at TUT,

extended observers for nonlinear Akadeemia tee 21, 12618 Tallinn,

disrete-time systems. In: H. Nijmeijer Estonia.

and T. | Fossen, editors, New Directions Tal.: +372 620 4153

in Nonlinear Observer Design, volume Fax: +372 620 4151

244 of Lecture Notes in Contr. and Inf. e-mail: kotta@cc.ioc.ee,

Sci. Springer-Verlag, 1999, 3-22. tanel@parsek.yf.ttu.ee
Ronald Pearson.

[7] R. INGENBLEEK: Transformation of ProSanos Corporation, 225 Market St.,

nonlinear discrete-time system into Suite 502 Harrisburg, PA 17101, USA

observer canonical form. In Prepr. of Fax: +1 717 635 2575

12th IFAC World Congress, 4. Sydney, e-mail: ronald.pearson@prosanos.com

Australia, 1993, 347-350.

[8] P. JOUAN:. Immersion of nonlinear
systems into linear systems modulo
output injection. SIAM J. Control Opt.,
41:1756-1778, 2003.

[9] W. LEE, K. NAM: Observer design
for autonomous discrete-time nonlinear
systems. Syst. Control. Lett.,, 17, 1991,
49-58.

[10] T. LILGE: On observer design for
nonlinear discrete-time systems. Eur. J.
Control, 4, 1998, 306—-319.

[11] D. NOH, N.H. JO, J.H. SEO:
Nonlinear observer design by dynamic
observer error linearization. IEEE Trans.
on Automatic Control, 49, 2004, 1746—
1750.

[12] R.K. PEARSON, U. KOTTA, S.
NOMM: Systems with associative
dynamics. Kybernetika, 38(5), 2002,
585-600.

[13] E.l. VERRIEST: Linear systems over
projective fields. In Proc. 5th IFAC
Symposium on  Nonlinear Control
Systems “NOLCOS’01” Saint-Peters-
burg, 2001, 207-212.

Ulle Kotta, Tanel Mullari.

. AT&P journal PLUS2 2007





