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Abstract

The paper deals with continous-time adaptive control of a multi input — multi output
nonlinear process. A nonlinear model of the process is approximated by a continuo-
us-time external linear model. The parameters of the CT external linear model are
recursively estimated via an external delta model with the same structure as the CT
model. The control system configuration with two feedback controllers is considered.
Design of controllers is based on operations in the ring of polynomial matrices. Re-
sulting proper controllers ensure asymptotic tracking of step references and step
load disturbances attenuation. A control quality is achieved using the exact pole
placement method as well as by selectable weight matrices dividing weights among
numerators of transfer functions of subcontrollers. The control is tested on a two
input — two output nonlinear process represented by a model of two spheric liquid

tanks in series.

Keywords: Adaptive control, MIMO system, continuous-time model, delta model,
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Introduction

A wide range of technological processes requires to control
more output signals independently. In order to achieve this,
it is necessary to have at least as many independent input
signals as output signals to be controlled. These processes,
classified as MIMO (multi input-multi output) systems, are
usually nonlinear. This fact may cause difficulties when
controlling such processes using conventional controllers
with fixed parameters. One possible method to cope with
this problem is using adaptive strategies based on an ap-
propriate choice of an external linear model (ELM) with
recursively estimated parameters. These parameters are
consequently used for parallel updating of controller's pa-
rameters.

The control itself can be either continuous-time or discrete.
While for design of a continuous-time controller, it is neces-
sary to know a continuous-time ELM and its parameters, a
discrete-time controller requires knowledge of a discrete
ELM. Experiences of many authors in the field of control of
non-linear technological processes indicate that the con-
tinuous-time (CT) approach gives better results when con-
trolling processes with strong nonlinearities.

Two basic approaches can be used for identification of the
continuous-time ELM. The first method is based on filtration
of input and output signals where the filtered variables have
the same properties (in the s-domain) as their non-filtered
counterparts, e.g. [1]. Derivatives of filtered signals that are
necessary for the parameters estimate of the CT ELM are
obtained from differential filters. This method has, however,
some drawbacks — the necessity to solve additional differen-
tial equations representing the filters and estimate time
constants of these filters.

The second strategy uses an external 5-model of the con-
trolled process with the same structure as a CT model. The
basics of 8-models have been described in e.g. [2], [3].
Here, parameters of 3-models can directly be estimated
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from sampled signals without the necessity to filter them.
Moreover, it can be easily proved that these parameters
converge to parameters of CT models for a sufficiently small
sampling period (compared to the dynamics of the con-
trolled process). A complete description and experimental
verification can be found in e.g. [4]. The control results ob-
tained using both mentioted strategies were compared in

(5]

This contribution deals with adaptive control of a nonlinear
MIMO process. The parameters of the CT ELM of the pro-
cess are obtained via corresponding delta model parameter
estimation. The control configuration with two feedback
controllers is used according to [6]. Input signals for the
control system are step references and step load distur-
bances. Resulting controllers are derived by the polynomial
method [7], [8]. The approach is tested on a nonlinear TITO
process represented by a nonlinear model of two spheric
liquid tanks in series.

CT External Linear Model

In the time domain, the generalized continuous-time ELM is
specified by the vector differential equation

A(o) y(2) = B(o)u(?) (1M

where c=d/d:t is the derivative operator, y e R" stands for

the controlled output vector, u<cR™is the control input
vector and A4, B are polynomial matrices in o. Using the
Laplace transform under zero initial conditions, the model is
described in the s-domain as

Y(s)=G(s)U(s). (2)

Here, the transfer function of the controlled system is as-
sumed in the form of the left coprime polynomial matrix
fraction




G(s)= A" (s)B(s) ®3)

where A(s)eR""[s] and B(s)eR™[s] are polynomial
matrices. Further, consider strictly proper G(s), and, with
regard to some following operations, assume the highest
power of s on the diagonal of the matrix 4 in each row.
Moreover, the polynomials on the diagonal are assumed to
be monic polynomials (with the unit coefficient by the high-
est power of s).

External Delta Model

Establish the 5-operator defined by

5=1—2 4)

where ¢ is the forward shift operator and Tj is the sampling
interval. When the sampling interval is shortened, the 6-
operator approaches the derivative operator ¢ so that

lim =0 ()
TO—>O

and, the 6-model

A'©)y(t) = B'(®)u(t) (6)
approaches the continuous-tjme model (1). Here, ¢'is the
discrete time, and, 4'and B are matrices with
identical structure as 4 and B in the form
a, @) . ay®) . a},©)
A'B)=|a}; () a;(d) a;, (d) 7)
ay @ . oay@® . a, @)
b, .. b, ) .. b, )
B'(8)=| b, (3) b}, (9) b, (9) (8)
bi(® o b8 . by, ()
with polynomials
@) =d 8" +d 8 v vd Std,. )
ij o nij—l,tj L,ij 0,if
by®)=b), 48 TE LD 8B (10)
where
a’n”,ﬁ =1, n; >nijforj¢iand n,>my forallij=1,..,r

and k=1, ..., m

Substituting ' =k, —n, where k,>n, , the equation descri-

i’

bing i-th row of (6) can be derived as
N Ny

Za'j,iléfyl(ko—n”.)+2 j”6 y (ky—n,)+ ...

/=0 /=0 (11)

.

et E a8y, (kg —n;)=

Jj=0
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M My
= z ]118 ul(k nii)+ z b’jlm Ium(kO_nii)
Jj=0 J=0
where the terms in (11) are
nl/
n. -1 Pln..
d ‘/y[(k()_n”*): ( n) [ UJy[(kO—nii+nij—P)
= 7,7 \P
" (12)

ik Whg—n,)= Z( l)lk( ) up(kg—ny; +my —p).

Delta Model Parameter Estimation

Obviously, an actual value of the controlled output yi(ky) in
the i-th row is only in the term ES"”yl.(kO -n,) (forj=iandp
=0in (12)). Now, denoting

J

s/ Joo_s/
®y, =87 yikg—ny) s @;, =8%u (ko —ny) (14)
and, introducing the regression vector
T 0 n,~1
[ Az(—(pA ...—(p . —(p -,
di i,y ,y 6Ly, Ly, >’
1 1 (15)
0 Ar mfl 0 mim
Qg O Py POy @i,um)
then, the vector of parameters in the i-th row of A4’
T ’ ! ’
0, = (ao’il el s aO ..... @y Lii>
(16)
a,(),ir a’nh_,ir’ b,() il * b’m il b;) im " b;nim,im)

can be recursively estimated from the regression (ARX)
model

n

o1 =07 By +e (k). (17)
or, in detail, from the equation
iy
Snﬁyi(ko_nii):_Zalj,ilajyl(ko_nii)_
j=0
n,-1 n,
—Z jHSIy (kg—n;)— Z jlrSJy (kg—n;)+
= /= (18)
;)
Zb; 187, (kg —n,)+ ..
j=0
M
Zb’”m Tu, (ky—ny)+e,(ky).
Jj=0

Controller Design

The control system with two feedback controllers is depicted
in Fig. 1. Here, G represents the continuous-time ELM, G,

and Gy are controllers. Further, w € R’ is the vector of refer-

ences and veR"” is the vector of load disturbances.




Fig.1 Control system configuration.

Generally, their transforms can be expressed as
w(s)=F (9)h,,(s), v(s)=F " ()h,(s) (19)

Considering all elements of both input signals as step fun-
ction, matrices F, and F, in (19) take forms

F (s)=F (s)=s1I (20)
and vectors (19) can be rewritten to as
w T
W(s)=[w10 M0 ’OJ 21)
S N S
v v v r
V(s) = (10 ~20 mo) (22)
N N S

where wj , vjo are constants.

The transfer functions of controllers are assumed in the form
of right coprime polynomial matrix fractions

Gy()=0, ()P (5), G ()= Ry ()P (s) (23)

where
0,(s) e R™s], R\ (s)e R™ [s] and P(s)e R7s].

The goal is to find such proper controllers that ensure the
control system stability, asymptotic tracking of step referen-
ces and step load disturbance attenuation. The procedure
for deriving admissible controllers can be performed as
follows:

Using descriptions of basic signals in the control system

y(s)= A'B u(s) = AilB[uO(s) + v(s)] (24)
uy(s) = R P [w(s) = y(9)]- @, P y(s) (25)
the output and tracking error vectors can be derived as
y(s)=P,D"' [BRlPl_l w(s)+ Bv(s)} (26)
e(s)=P, D" [(API +BO) P w(s)- Bv(s)} 27)
vhere

D=AP +B(R,+0Q)). (28)

Now, feedback controllers given by a solution of the matrix
Diophantine equation

AP, +BT =D (29)

with a stable polynomial matrix D e ®R'"[s]on the right side

ensure the control system stability. Here, the matrix 7T has
been established as
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T=R,+0,. (30)

The step load disturbances will be rejected for the matrix P,
in (27) divisible by denominators s in (22).
This condition is fulfilled for P, in the form

P(s)=sP(s). (31)

Asymptotic tracking of step references is ensured for the
term AP, +BQ, divisible by s in denominators of (21).

Considering (27) and (31), this divisibility is fulfilled for Q,
taking the form

0, (S):SQ1 (s) -

Taking into account (31), (32) and (29), the controller poly-
nomial matrices are given by a solution of the matrix Dio-
phantine equation

(32)

A(s)s P (s)+ B(s) T(s) = D(s) (33)
where
T(s)=R, (s)+sQ1 (s). (34)
Evidently, the degrees of matrices in (34) are given as
deg R, =deg T, deg Ql =deg T-1. (35)
Considering expansions of matrices T, R, and Q1 as
degT
T(s)= Zsj T (36)
j=0
degT
R/(s)= Zsj R,; (37)
j=0
degT
(38)

Ql(s) = Zsj_lélj
=1

where Tj, le and Qlj are matrices of coefficients, a solu-

tion of (33) leads to a simple term of T given by

B,T,=D, (39)
and, subsequently, to
R=T,. (40)

It is well known that a solution of a single polynomial matrix
equation provides only two unknown polynomial matrices.

Hence, selectable coefficient matrices I"jeSR’”m can be
introduced that distribute weights among R, and Ql pa-

rameters. Denoting expansions of matrices R, and Ql as

RU,QU, j=1,..,deg T (41)
then, their elements can be calculated from equations
Ry=T;T;, 0=(1-1))1, (42)

for j=1,...,deg T.




Remark: If Fj =1 for all j, the control system in Fig. 1 sim-
plifies to the 1DOF control configuration. If F/. =0 for all j,

and, both references and load disturbances are step fun-
ctions, the control system corresponds to the 2DOF control
configuration.

From the practical point of view, it is effective to choose I;
as diagonal matrices

V2 (43)

for all ;.

Now, taking into account (31) and (32), transfer functions of
controllers can be rewritten to the form

G ()= 0,)(P ()" (44)

G ()= R ()(sP,(9) - (45)

Note that degrees of polynomial matrices in (33) must be
determined in accordance with the requirement on proper-
ness of controller transfer functions (44) and (45).

Example

Consider two spheric liquid tanks in series as depicted in
Fig. 2.

9 i

|

1 d[
Fig.2 Two spheric liquid tanks in series.

Using standard simplifications, the model of the plant can
be described by two nonlinear differential equations

dh

nhy (d, - h, )d—twa =4, (46)
dh

nhz(dz—hz)d—tz—ql+q2 =dq,; (47)

where d; are diameters of tanks, #; are liquid levels, g; are
stream flowrates and g, are their inlet values, (for j = 1, 2).
The stream volumetric flowrates depend upon levels in the
tanks as

gy =k [y =1y (48)
qy =ky\Jhy (if hy—h, <Othen g, =—q,) (49)

where k,, k, are constants.

Initial conditions for (46), (47) are steady state liquid levels
h(0)=h;', hy(0)=h; . The model parameters and values of
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variables at the operating point used in simulations are:
k, =0.85m>" / min Ky =0.5m%> /min ,dy=d,=2m,
h{ =1.5m k3 =13m,q;, =0.38m’/min

and q;f =0.19m " /min .

Both the control and controlled variables are considered as
deviations from their values at the operating point

ul(t)=q1f(t)—qff ) uz(t)zqu(t)—q;f (50)

yl(t):hl(t)_hls ) yz(l)th(l)—h;.

Polynomial matrices of the CT external linear model in the
form of LPMF have been chosen as

(51)

s+a a b 0
o1 2 | py=| 0
Qo3 Stagy 0 by,

and their parameters were estimated using a 6-model with
corresponding matrices

A(s) = [ (52)

A'(5) = 8+ag  agy B'(5)= by 0
ap;  S+agy, ) 0 by )

Further, two parallel identification procedures according to
(18) were used for regression equations

8y, (ko —1) = by u, (kg =D —ajy,y,(ky =1~

(83)

, (54)
— a3y, (kg =D +g(ky)
8y, (kg =1) =boqu; (kg =D —agyy (kg =1) = (55)
—agyyy (kg =1 +g, (ko)
where
(ky)—v.(k,—1
5y[(k0_1)zw, i=12. (56)

T,

Here, the recursive identification method with exponential
and directional forgetting according to [9].

With regard to requirement of the controller properness,
matrices P, and T have been chosen in the form

pl(s):sﬁl(s):[Spm Spoz] (57)
SPo3 SPoa
T(S):(tlls+t01 ’1zs+’02] (58)
L3S +loy 1148 +igy
and, the diagonal matrix on the right side of (33) as
(s+a)’ 0
D(s) = (59)
0 (s+a)?

Then, solving (33), the coefficients in (57) and (58) can be
derived as

Py =Po3=0, Py =ros =1,

2
o 1 ,
tmzb, s I :7(20‘_"01)' Ly =to3 =0, (60)
01 01
! ’ 2
a a a 1
) 03 _ _ ,
tlz—_b/ cly =Tt T t14_b' (2a-ay,).
o1 04 04 04




Choosing the matrix (43) as

r, = AT
0 vy

and, solving (42), transfer functions of controllers take forms

(61)

A=yt (I_Vll)tlz]
G,(s)= 62
o) ((l_ylz)tn (=71t (62)
Y.t Lo ¥t
it 12
Gp(s)= (63)

t
04
Yi2li3 V12t14+7

Simulation Results

The recursive estimation of 8-model parameters was per-
formed with the sampling interval 7;, = 0.05 min. in all simu-
lation experiments. For the start, P controllers with a small
gain were used. In most simulations, the quadruple closed-
loop pole o = 0.4 has been chosen.

In the first case, the controlled output and control input

time responses were simulated to step references w, =0.1
and w, =0.05 forz>0. The responses in Figs. 3, 4 and 5

clearly illustrate the effect of parameters y upon control
properties. Their hihger values accelerate the control, how-
ever, they lead to overshoots in control output responses
and to higher values of the control input.

Next simulations show the effect of the parameter o versus
parameters y on the controlled output responses. While o
affects both controlled outputs, by a suitable y selection only
single controlled output can be influenced, as shown in Figs.
6-8.

The controlled output responses for step changes of refer-
ences are shown in Fig. 9. Presented results demonstrate
that by a suitable selection of parameters a and y, smooth
control responses of a good quality without overshoots and
oscillations can be obtained.

The simulation results in Fig. 10 show the controlled output
responses to step references and load disturbances
v(t)=+0.2 . Here, the controller parameters were estimated

only in the first (tracking) interval ¢< 30. During interval
t> 30, fixed parameters were used.

0,12
0,10 I
0,08 I
0,06 I
> 0,04
0,02 I
0,00 L

¢ (min)

Fig.3 Controlled output responses
a=0.4,7y11=y12=0,2 (1), y11 = y12 = 0.4 (2),
Y11 =v12=1(3).
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10 15 20
t (min)

Fig.4 Control input responses
a=0.4,y11=y12=0 (1), y11 =y12= 0.4 (2),
y11=v12=1(3).

0,6
04
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"E 00 F—1
3

02+ 1

04 1 1 1

0 5 10 15 20

t(rin)

Fig.5 Control input responses
a=0.4,y11=y12=0 (1), y11 =y12= 0.4 (2),
T11=v12=1(3).

0,10

0,08
0,06

E
X 004
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0,00
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Fig.6 Controlled output responses
111=712=0.2, 0 =0.2 (1), a = 0.4 (2), o = 0.6 (3).

0,10
0,08

0,06

< 004
0,02
0,00

¢ (rrin)

Fig.7 Controlled output responses
a=04,y12=0,y11=0 (1), y11=0.2 (2), y11 = 0.5 (3).




ROBUST AND ADAPTIVE CONTROL

ted method has been tested by computer simulation on the
nonlinear model of two spheric tanks in series. The results
demonstrate the applicability of the presented control stra-
tegy. It can be deduced that the described adaptive strategy
is also suitable for other technological processes.

0,10
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< 004
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Fig.8 Controlled output responses
a=04,y11=0, y12=0,2 (1), y12 = 0.4 (2),
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